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Abstract
In this paper we study quasiparallelism relation in !nite planar spaces. Moreover, 3-dimensional
punctured projective spaces and 3-dimensional projective spaces from which a line has been
deleted are characterized.
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1. Introduction
A linear space S is a pair (P; L), where P is a non-empty set whose elements are
called points and L is a non-empty family of proper subsets of P, called lines, such
that any two distinct points x and y are contained in a unique line xy, every line
contains at least two points and there are at least two lines.
A subset X of P is called subspace if every line which contains two distinct points
of X is already contained in X .
Let (P; L) be a !nite linear space. The length of a line l is the number |l| of points
on l and the degree of a point x is the number bx of lines on which it lies. Put
n + 1= max(bx; x∈P). Then, n is called the order of the space. If X is a subspace
through x we denote by bx(X ) the number of lines through x on X . The integer bx(X )
is the degree of x in X .
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A planar space S is a triple (P; L; P∗), where (P; L) is a linear space and P∗ is a
non-empty family of proper subspaces of (P; L), called planes, such that the following
conditions hold:
• through any three non-collinear points there is a unique plane and it is the smallest
subspace containing them;
• every plane has at least three non-collinear points;
• there are at least two planes.
Let S=(P; L; P∗) be a !nite planar space. For every plane 
 of S, we denote by L

the family of lines on the plane 
 and by n (
) the order of linear space (
; L
). The
integer n= max{n(
): 
∈P∗} is called planar order of S (see [3,7]).
A planar space (P; L; P∗) is said to be embeddable into a projective space P if
there is an injection of P into the point set of P which preserves, together its inverse
map, the collinearities and coplanarities and non-collinearities and non-coplanarities.The
following theorems hold.
Theorem I (Beutelspacher [1]). Let S be a 3nite planar space of order n such that
any two distinct planes in S intersect in a line. If S has at least n3 points, then it is
embeddable in a 3-dimensional projective space of order n.
Theorem II (Metsch [9]). Let S be a 3nite planar space of order n such that any two
distinct planes in S intersect in a line. If S has at least n3 − 3n2 + 9n + 12 points,
then S can be embedded into a 3-dimensional projective space of order n.
Theorem III (Metsch [10]). Let S be a 3nite planar space of order n such that any
two distinct planes in S intersect either in the empty set or in a line and in every
plane 
 the points of linear space (
; L
) have the same degree n + 1, n¿2. If
|S|¿n3 − n2 + n+ 2, then S can be embedded into a 3-dimensional projective space
of order n.
The subspaces X and X ′ are quasiparallel (see [8]) if
|X ∩l|= |X ′∩l|
for all lines l ⊂X ∪X ′.
Let X and X ′ be two quasiparallel subspaces in a !nite linear space S. The following
results hold (see [8]):
(i) bx = bx(X ) + |X ′| − |X ∩X ′|, for every x∈X − X ′.
(ii) |X |= |X ′|, if X ∪X ′ =P.
In the following we shall use the notation X ∼X ′ to mean that the subspaces X and
X ′ are quasiparallel.
For lines the relation of quasiparallelism is an equivalence relation. Two lines l1 and
l2 on a subspace X of S are quasiparallel in X if |l1∩l|= |l2∩l|, for each line l on
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X , with l ⊂ l1∪l2. The lines l1; l2 are quasiparallel in S if |l1∩l|= |l2∩l|, for each
line l in S, with l ⊂ l1∪l2.
In this paper we shall be interested in !nite planar spaces S=(P; L; P∗) with the
following properties:
(A) ∀; ∈P∗, P = ∪.
(B) ∀∈P∗; ∀r; s∈L,  = r∪s.
In particular, we study quasiparallelism relation in !nite planar spaces ful!lling the
conditions (A) and (B). Furthermore, 3-dimensional projective spaces minus a point
or minus a line are characterized with help of quasiparallelism relation.
2. Denitions and preliminaries
Let S=(P; L) be a linear space. A spread of lines is a family of pairwise disjoint
lines. A pencil of lines is a family of lines passing through a common point. Finally,
a family of pairwise intersecting lines with at least three non-concurrent lines is called
a clique.
A generalized projective plane is a linear space in which any two distinct lines have
a common point. In particular, a near-pencil on v points is a !nite linear space with
one line of length v − 1 and v − 1 lines of length 2. Furthermore, a projective plane
of order n (n¿2) is a !nite linear space with n2 + n+ 1 points and n2 + n+ 1 lines,
in which every line has length n + 1 and every point has degree n + 1. It is easy to
see that the generalized projective planes with lines of length two are near-pencils.
Moreover, generalized projective planes without lines of length two are projective
planes.
A linear space is called an a8no-projective plane [12] or linearly h-punctured pro-
jective plane if it is a projective plane from which h collinear points have been deleted.
In particular, a punctured projective plane is obtained from a projective plane by delet-
ing one point. An a8ne plane of order n is a !nite linear space with n2 points and
n2 + n lines, in which every line has length n and every point has degree n + 1. An
aKne plane of order n is obtained from a projective plane of order n by deleting one
line l. The n + 1 points of l are called the points at in3nity of the aKne plane. An
a8ne plane with a point at in3nity of order n is a linear space which is obtained from
a projective plane of order n by removing n collinear points. It is easy to see that an
aKne plane with a point at in!nity has n2 + 1 points and n2 + n lines.
In the following the equivalence class of quasiparallel lines which contains a line
l will be denoted by [l]. An equivalence class [l] will be called a singleton if [l]
contains the unique line l. An equivalence class [l] of quasiparallel lines, with size at
least 2, is one of the following (see [4]):
• [l] is a C-class (or clique-class) if [l] is a clique;
• [l] is a P-class (or pencil-class) with center x if it is a pencil with center x;
• [l] is a S-class (or spread-class) if it is a spread.
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Proposition 2.1. If every equivalence class of quasiparallel lines in S has size at least
two, one of the following four cases occurs:
(I) There exists a unique equivalence class, a C-class, and S is a generalized pro-
jective plane.
(II) There exist two equivalence classes, one C-class and one S-class, and S is a
punctured projective plane.
(III) There exist n+ 1 (n¿2) equivalence classes, one P-class and n S-classes, and
S is an a8ne plane of order n with a point at in3nity.
(IV) There exist n + 1 (n¿2) equivalence S-classes and S is an a8ne plane of
order n.
Proof. Let [l] be an equivalence class of quasiparallel lines in a !nite linear space S.
If [l] has size at least two, one of the following cases occurs: [l] is a clique-class, [l]
is a pencil-class, [l] is a spread-class (see [4]). First, we suppose that [l] is a C-class.
By Proposition 2.1 in [4] there exists at most one C-class in S. Moreover, if [l] is a
C-class in S, by Proposition 2.7 in [4], a P-class does not exist in S. Hence, either
[l] is the unique equivalence class of quasiparallel lines in S or all other equivalence
classes are S-classes. In the !rst case, S is a generalized projective plane (see [4]).
Now, we suppose that in S there exist h + 1 equivalence classes, one C-class and h
S-classes. From Proposition 2.1 in [5] we have h=1 and S is a punctured projective
plane (see [4]). Now, we assume that in S no equivalence class of quasiparallel lines
is a C-class. Furthermore, we suppose that [l] is a P-class. By Proposition 2.3 in [4]
linear spaces with only P-classes do not exist. Moreover, from Proposition 2.9 in [4]
we deduce that if in S there are two distinct P-classes there exists at least a singleton.
Thus, in S there exists a unique P-class [l]. All the other equivalence classes are S-
classes. Therefore, in S there are n+ 1 equivalence classes, one P-class and n (n¿2)
S-classes, and S is an aKne plane of order n with a point at in!nity [4, Theorem 5].
Finally, we suppose that every equivalence class of quasiparallel lines is a S-class and
there are exactly n+ 1 S-classes (n¿2). By Theorem 2 in [4] S is an aKne plane of
order n and the proof is complete.
3. Finite planar spaces fullling property (B)
Let S=(P; L; P∗) be a !nite planar space. For a point x outside a line l we denote by
〈x; l〉 the unique plane containing x and l. Moreover, if l and l′ are distinct lines which
are contained in a common plane, then 〈l; l′〉 denotes the unique plane containing l
and l′.
In this section we want to study quasiparallelism relation in !nite planar spaces
having property (B).
Theorem 3.1. Let 
 and 
′ be two di;erent planes in a 3nite planar space S
with property (B). Planes 
 and 
′ are quasiparallel if, and only if, the following
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condition holds:
|∩
|= |∩
′| (C)
for any plane  such that 
 =  = 
′.
Proof. We assume 
∼ 
′. First, we suppose that there is a plane  such that ∩
= ∅
and ∩
′ = ∅. Let x be a point which belongs to ∩
′. Each line through x on 
meets 
′ and misses 
, a contradiction. Thus, if a plane  is disjoint from 
; ∩
′ = ∅
for any plane 
′, with 
∼ 
′. Hence, |∩
|= |∩
′|. Now, we assume that ∩
 is
a point x and ∩
′ is a line l. Since 
∼ 
′, any line through x on  meets l and all
the lines on , which meet l, pass through x. Let r be a line through x on  which
intersects l in a point y. If r has length at least three, we denote by z a point on
r, with x = z =y. Therefore, if p is a point on l, with p =y, the line pz meets l in
the point p and misses x. This contradiction proves that r has length two and  is a
near-pencil. Since S is a planar space with property (B), we have a contradiction.Thus,
if ∩
 is a point, ∩
′ is a point, too, and |∩
|= |∩
′|. Finally, we suppose that
∩
 is a line r and ∩
′ is a line s. Since 
∼ 
′, lines r and s are quasiparallel in
. We have |r|= |s| at once from (B) and (ii). Hence, we infer that |∩
|= |∩
′|,
for every plane  which is diMerent from 
 and 
′.
Now, let 
 and 
′ be two distinct planes ful!lling condition (C). Suppose that 

and 
′ are not quasiparallel. Thus, we may assume that there exists a line l which
is disjoint from 
′ and meets 
 in a point x. Let l1; l2; : : : ; ln (n¿2) be the lines
through x on 
. We denote by 
i the plane 〈l; li〉; ∀i=1; 2; : : : ; n. It is clear that
|
|=1+ (|l|1 − 1) + · · ·+ (|ln| − 1). From (C) we have |
∩
i|= |li|= |
′∩
i|. Let l′i
be the line 
′∩
i. The planes 
i are mutually distinct and have the line l in common.
Since l′i is disjoint from l (∀i=1; 2; : : : ; n), the lines l′i belong to a spread and we !nd
|
′|¿|l′1|+ · · ·+ |l′n|= |l1|+ · · ·+ |ln|¿|
|. Hence, if there exists a line l which meets

 in a point x and misses 
′, |
′|¿|
|. Furthermore, let y be a point on l, with x =y.
The lines joining y to the points on 
′, are |
′|. If each line which joins y to a point z
on 
′ meets 
, we have |
|¿|
′|. Since |
′|¿|
|, it follows that there exists a line l′
through y which is disjoint from 
 and intersects 
′ in a point z. From the foregoing,
we have |
|¿|
′|, a contradiction. Thus, 
 and 
′ are quasiparallel.
4. Finite planar spaces fullling properties (A) and (B)
In the following a family of pairwise disjoint planes will be called a spread, a family
of planes with a common point x will be called a star of planes with center x. A pencil
of planes with axis l is a family of planes with a common line l. Finally, a clique of
planes is a family of planes such that any two distinct planes intersect in a line and
there are at least three planes which do not belong to a pencil.
Moreover, if 
 is a plane in S we denote by (
) the subset of P∗ which contains 

and any plane 
′ such that 
∼ 
′.
Let S=(P; L; P∗) be a !nite planar space ful!lling property (A). In [6] we showed
that, if 
′ belongs to (
) and 
∩
′ = ∅, planes in (
) are mutually disjoint and
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quasiparallel. In the following (
) will be called a S-class (or spread-class) if (
)
is a spread.
Proposition 4.1. Let S be a 3nite planar space with property (A). If 
 and 
′ are
two quasiparallel planes which intersect in a line, each plane 
′′ in (
), with 
′′ =
,
meets 
 in a line.
Proof. Let 
′′ be a plane in (
), with 
 = 
′′ = 
′. First, we assume 
∩
′′ = ∅. By
Proposition 3.1 in [6] we have a contradiction. Now, we suppose that 
∩
′′ is a point
x. Moreover, we denote by l the line 
∩
′. At once from (A) and (ii) we deduce that
|
′|= |
|= |
′′|. Furthermore, if y is a point on 
 such that y = x and y =∈l, from (i)
we obtain
by = by(
) + |
′| − |
∩
′|= by(
) + |
| − |l|;
by = by(
) + |
′′| − |
∩
′′|= by(
) + |
| − 1:
This contradiction proves that either there exists no point y on 
, with y =∈
′∪
′′, or

′′ meets 
 in a line. In the !rst case, we see that 
 is the near-pencil 〈x; l〉. Moreover,
since |
|= |
′|; 
′ is a near-pencil, too. If z denotes the unique point on 
′ which does
not lie on l, we have
bz = bz(
′) + |
| − |
∩
′|= |l|+ |l|+ 1− |l|= |l|+ 1:
Hence, there exists a unique line through z which does not belong to 
′, the line xz.
On the other hand, since points on l do not lie in 
′′, either 
′∩
′′ = ∅ or 
′ meets

′′ in the unique point z. Thus, the lines joining z to points on 
′′ which are diMerent
from z are at least two. Since these lines do not belong to 
′, we have a contradiction.
We conclude that 
′′ meets 
 in a line.
From now on we assume that S is a !nite planar space ful!lling both conditions
(A) and (B).
Proposition 4.2. Let 
 and 
′ be two quasiparallel planes which intersect in a line l.
Any two distinct planes in (
) intersect in a line of length |l|.
Proof. Let 
′′ be a plane in (
), with 
 = 
′′ = 
′. From Theorem 3.1 we have that
|
∩
′|= |l|= |
′′∩ 
′|= |
′′∩
|
and the proposition is proved.
Proposition 4.3. Let 
 and 
′ be two quasiparallel planes which intersect in a line.
Planes in (
) are pairwise quasiparallel.
Proof. Let 
′′ be a plane in (
), with 
 = 
′′ = 
′. At once (A) and (ii) yield |
|= |
′|
= |
′′|. We denote by l′ the line 
∩
′. From Theorem 3.1 we deduce that |
∩
′|= |l′|
= |
′′∩
′|= |
′′∩ 
|. We want to show that 
′ and 
′′ are quasiparallel. In other words,
we shall prove that |
′∩r|= |
′′∩ r| for any line r ⊂ 
′∪
′′. Let r be a line, with
r ⊂ 
′∪
′′, such that r intersects 
′ in a point x. It is clear that, if x∈
′∩
′′, r meets
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both planes, 
′ and 
′′. Now, we suppose that x∈
′ − (
∪
′′). By (i) we deduce
that the lines through x outside 
′ are bx − bx (
′)= |
| − |l′|. On the other hand, the
lines joining x to points which lie on 
′′ − 
′ are |
′′| − |l′|= |
| − |l′|. Hence, every
line which meets 
′ in x, meets 
′′, also. If 
, 
′, 
′′ belong to a pencil with axis
l′, the proof is complete. Finally, we assume l′ ⊂ 
′′. Let l′′ be the line 
∩
′′. We
assume that r intersects 
′ in a point x on l′, with x =∈
′′. If r ⊂ 
, since 
 and 
′′
are quasiparallel, r meets 
′′. Now, let r be a line on 
. We suppose that r meets

′ in a point x on l′ and misses 
′′. Let l′, l′1; · · · ; l′n (n¿2) be all the lines on 
′
through x. We have |
′|= |l′|+ |l′1|− 1+ · · ·+ |l′n|− 1. Moreover, we denote by 
i the
plane 〈l′i ; r〉; ∀i=1; : : : ; n. Since 
 and 
′ are quasiparallel, by Theorem 3.1 we deduce
|l′i |= |
i∩
′|= |
i∩
|= |r|; ∀i=1; : : : ; n. It follows at once from 
∼ 
′′ and Theorem
3.1 that |r|= |
i∩
|= |
i∩
′′|. If l′′i denotes the line 
i∩
′′, we obtain |l′i |= |l′′i |. All
the planes 
i and plane 
 are pairwise diMerent and have line r in common. Since
r∩
′′ = ∅, lines l′′1 ; : : : ; l′′n and l′′ belong to a spread of lines on 
′′ and
|
′′|¿|l′′1 |+ · · ·+ |l′′n |+ |l′′|= |l′1|+ · · ·+ |l′n|+ |l′|¿|
′|:
This is a contradiction because |
′|= |
′′|. We conclude that 
′ and 
′′ are quasi-
parallel.
In the following (
) will be called a C-class (or clique-class) if the following con-
ditions are satis!ed:
(4.1) any two planes in (
) are quasiparallel and intersect in a line of constant length;
(4.2) there are in (
) at least three planes which belong neither to a pencil nor to a
star.
Proposition 4.4. Let () and () be two di;erent C-classes. Planes  and  have at
least a point in common.
Proof. We suppose, by the way of contradiction, ∩= ∅. Consider a plane ′∈ (),
with ′ = , and a point x on , with x =∈′. From (i) we obtain
bx = bx() + |′| − |∩′|:
The lines through x which do not lie in  are |′| − |∩′|. On the other hand, the
lines which join x to points on  are ||. Hence, we have
|′| − |∩′|¿||:
Analogously, if ′ is a plane in (), with ′ = , and y is a point on , with y =∈′,
we !nd
by = by() + |′| − |∩′|:
It follows that
|′| − |∩′|¿||:
Furthermore, from (A) and (ii) we deduce that ||= |′| and ||= |′|. Thus, we have
||6|′| − |∩′|= || − |∩′|¡||6|′| − |∩′|= || − |∩′|¡||. So, we have
a contradiction, which implies ∩ = ∅.
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Proposition 4.5. Let () and () be two di;erent C-classes. Planes  and  intersect
in a line.
Proof. By Proposition 4.4 we see that ∩ = ∅. Now, we assume that  and  intersect
in a point x. Let ′ be a plane in (), with  = ′. By Theorem 3.1, ′∩ is a point
x′. First, we assume x = x′. Since  and ′ are quasiparallel, any line through x on 
contains x′, a contradiction. Hence,  and ′ have the point x in common. Therefore, any
plane ′∈() contains x and planes in () belong to a star. So, we have a contradiction.
We conclude that ∩ is a line.
Proposition 4.6. Let () and () be two distinct C-classes. Any plane ′ in () meets
any plane ′ in () in a line of length |∩|.
Proof. Let ′ be a plane in (), with  = ′. Moreover, we denote by ′ a plane in
(), with  = ′. By Theorem 3.1, we have |∩|= |′∩|= |′∩′|= |∩′|, from
which the desired result follows.
Proposition 4.7. Let  be a plane in S such that () is a S-class. For every plane 

in S, with 
 =∈(), either ∩
= ∅ or ∩
 is a line.
Proof. We assume that ∩
 is a point x. Moreover, we denote by ′ a plane
in (), with  = ′. From Theorem 3.1 we have that |∩
|= |′∩
|. Let x′ be
the unique point which belongs to ′∩
. Since  and ′ are quasiparallel, any line
on 
 through x contains x′. This contradiction implies that ∩
 = {x} and the proof
is complete.
Proposition 4.8. Let () be a S-class of quasiparallel planes in S. If (
) is a C-class
of quasiparallel planes, each plane ′ in () meets every plane 
′ in (
) in a line of
constant length.
Proof. By Proposition 4.7 either ∩
= ∅ or ∩
 is a line. First, we assume ∩
= ∅.
Let x be a point in . From (A), (i) and (ii) we obtain
bx = bx() + ||:
Hence, the lines through x outside  are ||. Since lines which join x to points on 

are |
|, we have
|
|6||:
Now, we denote by 
′ a plane in (
), with 
 = 
′, and by y a point on 
 such that
y =∈
′. We infer
by = by(
) + |
| − |
∩
′|:
||6|
| − |
∩
′|:
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Thus, we !nd
||6|
| − |
∩
′|¡|
|6||;
a contradiction.
Hence, ∩
 is a line. Moreover, from Theorem 3.1 we obtain
|∩
|= |∩
′|= |′∩
′|= |′∩
|
and the Proposition is proved.
Proposition 4.9. Let (
) be a C-class of quasiparallel planes. If each plane in (
) is
either a punctured projective plane or an a8ne plane, either all the planes in (
) are
punctured projective planes of same order n or all the planes in (
) are a8ne planes
of same order n.
Proof. Let 
′ be a plane in (
), with 
 = 
′. We suppose that 
 is a punctured pro-
jective plane of order n and 
′ is an aKne plane of order p. The line 
∩
′ has length
p. Since 
 is a punctured projective plane, there is a line r on 
 of length |r| =p.
Let x be a point on 
′ such that x does not lie on 
. The plane 〈x; r〉 meets 
 in the
line r of length |r| =p. Since 
 and 
′ are quasiparallel, by Theorem 3.1, 〈x; r〉 meets

′ in a line r′ of length |r|, a contradiction. Hence, 
 and 
′ are of the same type.
Moreover, by (ii) 
 and 
′ have the same order.
Proposition 4.10. Let () and () be two distinct C-classes of quasiparallel planes
in S such that all the planes in () and in () are either punctured projective planes
or a8ne planes. All the planes in both C-classes, () and (), are of same type and
have same order.
Proof. By Proposition 4.9 all the planes in () are of same type and have same
order. Analogously, all the planes in () are of same type and have same order. By
Proposition 4.5 ∩ is a line. We denote by r the line ∩. Let x be a point on r.
Furthermore, we denote by ′ a plane in (), with x =∈′, and by ′ a plane in ()
such that x =∈′.
First, we suppose that each plane in () is a punctured projective plane of order
n (n¿2) and each plane in () is an aKne plane of order p (p¿2). Obviously, either
|r|=p= n or |r|=p= n+ 1. By (i) we have
bx = bx() + |′| − |∩′|;
bx = n+ 1 + n2 + n− |∩′|:
(4.3)
Therefore, we !nd
bx = bx() + |′| − |∩′|;
bx =p+ 1 + p2 − p: (4.4)
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Thus, we obtain
p2 = n2 + 2n− |∩′|:
If n=p we have 2n= |∩′|, a contradiction.
Furthermore, if n+ 1=p we !nd n2 + 2n+ 1= n2 + 2n− |∩′|, a contradiction.
Hence, all the planes in both C-classes are either aKne planes or punctured projective
planes.
Obviously, if every plane is an aKne plane, all the planes have same order.
Now, we suppose that  is a punctured projective plane of order n (n¿2) and 
is a punctured projective plane of order p (p¿2), with n =p. Thus, we have either
|r|= n=p+ 1 or |r|= n+ 1=p. By (4.3) we obtain
bx = n2 + 2n+ 1− |∩′|=p2 + 2p+ 1− |∩′|: (4.5)
If n=p+ 1 we !nd
p2 + 1 + 2p+ 2p+ 2− |∩′|=p2 + 2p− |∩′|;
|∩′| − |∩′|=2p+ 3:
One of the following cases occurs:
• |∩′| − |∩′|= n− p=1;
• |∩′| − |∩′|= n− (p+ 1)=0;
• |∩′| − |∩′|=(n+ 1)− p=2;
• |∩′| − |∩′|=(n+ 1)− (p+ 1)=1.
So,we have a contradiction.
If n+ 1=p, by (4.5), we obtain
|∩′| − |∩′|+ 2n+ 3=0;
a contradiction.
We conclude that all the planes in () and in () have same order n.
Proposition 4.11. Let () be a S-class of quasiparallel planes. If for every plane ′
in () one of the following cases occurs:
• ′ is a projective plane;
• ′ is a punctured projective plane;
• ′ is an a8ne plane;
all the planes in () are of same type and have same order.
Proof. By (ii), we have
||= |′|: (4.6)
First, we suppose that  is a projective plane of order n.
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If ′ is a punctured projective plane of order p, by (4.6), we obtain n2 + n + 1=
p2 + p, a contradiction.
If ′ is an aKne plane of order p, we !nd n2 + n+ 1=p2, a contradiction.
Hence, every plane in () is a projective plane of order n.
Now, we suppose that  is a punctured projective plane of order n and ′ is an
aKne plane of order p. We have n2 + n=p2, a contradiction.
We conclude that all the planes in () are of same type and have same order.
Proposition 4.12. Finite planar spaces, with a C-class (
) and a S-class () of quasi-
parallel planes, such that every plane in (
) is an a8ne plane and every plane in ()
is a punctured projective plane, do not exist.
Proof. Let S be a !nite planar space, with a C-class (
) and a S-class (), such that
every plane in (
) is an aKne plane of order n and every plane in () is a punctured
projective plane of order p. By Proposition 4.8 
∩ is a line r of length |r|= n.
One of the following cases occurs:
• n=p;
• n=p+ 1.
Let x be a point on r. We denote by 
′ a plane in (
), with x =∈
′, and by ′ a plane
in (), with  = ′.
By (i), we have
bx =(n+ 1) + n2 − n=(p+ 1) + p2 + p
n2 =p2 + 2p:
If n=p, we have a contradiction.Therefore, if n=p + 1, we obtain a contradiction,
too. The Proposition is proved.
Proposition 4.13. Finite planar spaces, with a C-class (
) and a S-class () of quasi-
parallel planes, such that every plane in (
) is a punctured projective plane and every
plane in () is a projective plane, do not exist.
Proof. We suppose that every plane in (
) is a punctured projective plane of order n
and every plane in () is a projective plane of order p. By Proposition 4.8 
∩ is a
line r of length |r|=p+1 and either n=p+1 or n+1=p+1. Let x be a point on
r. We denote by 
′ a plane in (
), such that x does not lie on 
′, and by ′ a plane
in (), with  = ′. By (i) we have
bx =(n+ 1) + n2 + n− |
∩
′|=(p+ 1) + p2 + p+ 1:
If n=p+ 1, we obtain |
∩
′|=2p+ 2, a contradiction.
Therefore, if n=p, we !nd |
∩
′| + 1=0, a contradiction. The proof is
complete.
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Proposition 4.14. Finite planar spaces with a C-class (
) and a S-class () of quasi-
parallel planes such that every plane in both classes (
) and () is a punctured
projective plane do not exist.
Proof. We suppose that every plane 
′ in (
) is a punctured projective plane of order
n and every plane ′ in () is a punctured projective plane of order p. Let x be a
point on line r= 
∩. If 
′ is a plane in (
), with x =∈
′, we have
bx =(n+ 1) + (n2 + n)− |
∩
′|=(p+ 1) + (p2 + p);
n2 + 2n− |
∩
′|=p2 + 2p:
Since r is the line 
∩, one of the following cases occurs:
• n=p;
• n=p+ 1;
• n+ 1=p.
If n=p, we obtain |
∩
′|=0, a contradiction.
Now, we assume n=p+ 1, which implies |
∩
′|=2p+ 3. So, we have a contra-
diction. Finally, we suppose n+ 1=p. It follows that |
∩
′|+ 2n+ 3=0. This is a
contradiction. The proof is complete.
5. Punctured projective spaces
A punctured projective space is a projective space from which one point has been
deleted. Let S be a 3-dimensional punctured projective space of order n. S has n3+n2+n
points and n3 + n2 + n+ 1 planes, the lines of S have length either n+ 1 or n.
In [7] the authors studied the !nite planar spaces ful!lling the following conditions:
(5.1) any two distinct planes intersect in a line;
(5.2) in every plane 
, all the points of linear space (
; L
) have the same degree
n+ 1, n¿2.
Furthermore, Lo Re and Olanda in [7] showed that (5.1) and (5.2) are equivalent to
the following conditions: (5.1) and
(5.3) for every plane 
, all the points of linear space (
; L
) have degree at least three.
Moreover, if S is a !nite planar space ful!lling conditions (5.1) and (5.2), then the
following property holds in S (see [7]):
(5.4) every line is contained in n+ 1 planes.
In this section we want to characterize 3-dimensional punctured projective spaces.
Theorem 5.1. A 3nite planar space S satisfying the conditions (A) and (B) is a
3-dimensional punctured projective space if, and only if, in S there are two distinct
C-classes () and () of quasiparallel planes and each plane of S belongs either to
() or to ().
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Proof. Let S be a 3-dimensional punctured projective space of order n. It is easy to see
that S satis!es both conditions (A) and (B). Moreover, all the planes with n2 + n+ 1
points belong to a same C-class () and two planes in () intersect in a line of length
n+1. All the planes with n2+n points belong to a same C-class () and two planes in
() intersect in a line of length n. Now, let S be a !nite planar space having properties
(A) and (B). We suppose that in S there exist two diMerent C-classes of quasiparallel
planes, () and (), and for each plane 
 either 
∼  or 
∼ . Since () and ()
are C-classes and by Proposition 4.6, we have that S is a planar space ful!lling the
condition (5.1). Furthermore, from property (B) we deduce that in S condition (5.3) is
satis!ed. Thus, in S properties (5.1), (5.2), (5.4) hold (see [7]). Moreover, from (5.2)
we obtain that all the planes in S have the same order n (n¿2).
Let ′ and ′′ be two diMerent planes in () such that , ′, ′′ do not belong to
a pencil. We denote by a′ the line ∩′ and by a′′ the line ∩′′. Since ′ and ′′
are quasiparallel planes, a line r on  meets a′ if, and only if, r meets a′′. Hence,
lines a′ and a′′ are quasiparallel in  and belong to the same equivalence class [a′] of
quasiparallel lines. Therefore, all the planes in (), which are distinct from , intersect 
in quasiparallel lines which belong to [a′]. Since () is a C-class, [a′] is not a singleton.
Analogously, by Proposition 4.6, all the planes in () intersect  in quasiparallel lines,
which belong to a same class [b]. Moreover, [b] is not a singleton. Every line on 
belongs either to [a′] or to [b]. Thus, in  there exist at most two diMerent equivalence
classes of quasiparallel lines, both of size at least two. From Proposition 2.1, we infer
that  is one of the following:
(a)  is a generalized projective plane;
(b)  is a punctured projective plane.
By (B) we !nd that  is not a near-pencil. Hence,  is either a projective plane of
order n or a punctured projective plane of order n. The same arguments show that any
plane 
 in S is either a projective plane of order n or a punctured projective plane of
order n. If every plane is a projective plane, by a result in [13], S is a projective space
and all the planes are pairwise quasiparallel (see [6]). So, we have a contradiction.
Thus, there exists a plane 
 which is a punctured projective plane of order n. Let l
be a line of length n on 
. All the planes through l are punctured projective planes of
order n. Put v= |P|. From (5.4) we deduce
v= n+ (n+ 1)n2 = n3 + n2 + n:
By a result in [1] (see [9], also) S can be embedded into a 3-dimensional projective
space of order n. Furthermore, since v= n3 + n2 + n, S is a 3-dimensional punctured
projective space of order n.
6. Projective spaces from which a line has been deleted
In this section, we want to characterize a planar space which is obtained from a
projective space by deleting one line.
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In [3] the authors studied !nite planar spaces ful!lling the following conditions:
(6.1) two distinct planes intersect either in the empty set or in a line;
(6.2) in every plane 
, all the points of linear space (
; L
) have the same degree
p+ 1, p¿2.
Furthermore, Durante et al. [3] showed that (6.1) and (6.2) are equivalent to (6.1)
and
(6.3) for every plane 
, all the points of linear space (
; L
) have degree at least three.
Moreover, if S is a !nite planar space ful!lling conditions (6.1) and (6.2), then the
following property holds in S (see [3]):
(6.4) every line is contained in p+ 1 planes.
Now, we can state our result.
Theorem 6.1. A 3nite planar space S satisfying the conditions (A) and (B) is a
3-dimensional projective space of order n (n¿3) from which a line has been deleted
if, and only if, the following conditions hold:
• there is at least a line l of length |l|¿4;
• there are n+2 classes of quasiparallel planes, one S-class () and n+1 C-classes
(
1); (
2); : : : ; (
n+1);
• each plane in S belongs either to () or to (
i); i=1; 2; : : : ; n+ 1.
Proof. If S is a 3-dimensional projective space of order n from which a line has been
deleted, it is easy to see that S satis!es both conditions (A) and (B). Moreover, all the
planes with n2 points belong to a S-class and every plane with n2 + n points belongs
to a C-class and there are exactly n+ 1 C-classes.
Now, let S be a !nite planar space having properties (A) and (B). We suppose that
there is at least a line l of length |l|¿4 and every plane belongs either to a S-class
() of quasiparallel planes or to a C-class (
i); i=1; 2; : : : ; n+ 1.
Since (
i) is a C-class (i=1; 2; : : : ; n+ 1), () is a S-class and by Propositions 4.6
and 4.8 we have that S is a planar space ful!lling the condition (6.1). Furthermore,
from property (B) we deduce that in S condition (6.3) is satis!ed. Thus, in S properties
(6.1), (6.2) and (6.4) hold (see [3]). Moreover, from (6.2) we obtain that all the planes
in S have the same order p.
Let (
i) be a C-class (i=1; 2; : : : ; n+ 1). All the planes in (
i), which are distinct
from 
i, intersect 
i in quasiparallel lines which belong to an equivalence class [r] of
quasiparallel lines in 
i. Since (
i) is a C-class of quasiparallel planes, [r] is either
a C-class or a S-class of quasiparallel lines. Analogously, by Proposition 4.6, all the
planes in (
j); ∀j=1; 2; : : : ; n + 1 and i = j, intersect 
i in quasiparallel lines which
belong to an equivalence class [rj] and [rj] is neither a singleton nor a P-class. Hence,
every equivalence class [rj] is either a C-class or a S-class of quasiparallel lines in
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i. Finally, by Proposition 4.8, planes in () meet 
i in a S-class [s] of quasiparallel
lines. Every line on 
i belongs to either a C-class or a S-class of quasiparallel lines
and there is at least a S-class. From Proposition 2.1, we infer that 
i is one of the
following:
• 
i is a punctured projective plane;
• 
i is an aKne plane.
The same arguments show that any plane in (
i) is either a punctured projective
plane or an aKne plane. By Proposition 4.9 either all the planes in (
i) are punctured
projective planes or all the planes in (
i) are aKne planes. Therefore, by Proposition
4.10, all the planes in C-classes are of same type.
Analogously, every line on  belongs to either a C-class or a S-class of quasiparallel
lines. By Proposition 2.1 one of the following cases occurs:
•  is a generalized projective plane;
•  is a punctured projective plane;
•  is an aKne plane.
From property (B) we deduce that  is not a near-pencil. By Proposition 4.11 we !nd
that all the planes in () are of same type.
First, we suppose that all the planes in C-classes (
1); : : : ; (
n+1) are aKne planes
of order p. If planes in () are aKne planes, all the planes in S are aKne planes of
order p. Therefore, since there exists at least a line l of length |l|¿4, by a result in
[2], S is an aKne space of order p¿4 and every plane belongs to a S-class (see [6]),
a contradiction.
Now, we suppose that planes in () are projective planes. By a result in [12], if
each plane in a !nite planar space is either a projective plane or an aKne plane, either
all the planes are projective planes or all the planes are aKne planes. So, we have a
contradiction.
Finally, we suppose that planes in () are punctured projective planes. By Proposition
4.12, we have a contradiction.
Thus, all the planes in C-classes are punctured projective planes of order p.
By Propositions 4.13 and 4.14, planes in () are aKne planes of order p. Let s be
a line on .
Since () is a S-class of quasiparallel planes,  is the unique aKne plane through s.
Put v= |P|. From (6.4) we deduce
v=p2 + p(p2)=p3 + p2:
By a result in [10] S can be embedded into a 3-dimensional projective space of order
p. Therefore, since v=p3 + p2, S has been obtained from a 3-dimensional projective
space P of order p by removing p+1 points. Furthermore, since  is an aKne plane
of order p which is contained in S, planar space S is a 3-dimensional projective space
of order p from which a line has been deleted. Hence, C-classes are p+1 and p= n.
The proof is complete.
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